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1
$p$ . $k$ , $k_{\infty}/k$ $\mathbb{Z}_{p}$ . , k
$k$ 1 $p$ $\mu_{p^{\infty}}$ $k(\mu_{p^{\infty}})$ $k$ Galois
$\mathbb{Z}_{p}$ . $n\geq 0$ , $k$ $p^{n}$ $k_{\infty}/k$
$k_{n}$ . $k_{n}$ $p$-Sylow $A_{n}(k)$ ,
$A_{\infty}(k):=.\mathrm{K}^{\mathrm{m}A_{n}(k)}$
. , . ,
([6]):
Greenberg $(p, k)$ . $k$ $A_{\infty}(k)$ .
, ,
( ) ,
. , - ([7, 8, 9]) $k$ $[k : \mathbb{Q}]$









. $p$ , $k$ $k\cap \mathbb{Q}_{\infty}=\mathbb{Q}$
, $p^{2}$ . $\triangle:=\mathrm{G}\mathrm{a}1(k/\mathbb{Q})$ , $\Gamma:=\mathrm{G}\mathrm{a}1(k_{\infty}/k)$
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, Gal(k\infty /Q) $\cong\triangle\cross\Gamma$ , $A_{\infty}(k)$ $\mathbb{Z}_{p}[\triangle][\Gamma \mathrm{I}$
. , $A_{\infty}(k)$ $\mathbb{Z}_{p}[\triangle][\Gamma \mathrm{I}$ torsion
. , $k$ Greenberg $\triangle$ , $A_{\infty}(k)$
, . $\mathbb{Z}_{p}[\triangle]$
$M$ $\triangle$ $\chi\in\triangle:=\wedge \mathrm{H}\mathrm{o}\mathrm{m}(\triangle, \overline{\mathbb{Q}}_{p}^{\mathrm{x}})$ , $M^{\chi}$ :
$M^{\chi}:=\{m\in M\otimes_{\mathbb{Z}_{p}}\mathbb{Z}_{p}[\chi]|\delta m=\chi(\delta)m\forall\delta\in\triangle\}$ .
, $\mathbb{Z}_{p}[\chi]$ $\mathbb{Z}_{p}$ $\chi$ . , $\mathrm{D}$ $\mathbb{Z}_{p}$ $\triangle$
, $\oplus_{\chi\in\hat{\Delta}}M^{\chi}\otimes_{\mathbb{Z}_{p}[\chi]}\mathrm{D}arrow M\otimes_{\mathbb{Z}_{p}}\mathfrak{O}$
$\triangle$ ( $\triangle$ $p$
). , $M$ $\mathbb{Z}_{p}$ ,
. $A_{\infty}(k)$ $\mathrm{F}\mathrm{e}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{r}\mathrm{o}-\mathrm{W}\mathrm{a}\mathrm{s}\mathrm{h}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{o}\mathrm{n}$ ([3]) , $\mathbb{Z}_{p}$
, $k$ Greenberg $\triangle$
$\chi$ , $A_{\infty}(k)^{\chi}$ . , $k_{\chi}$ $\chi$
, \Delta $A_{\infty}(k)^{\chi}arrow A_{\infty}(k_{\chi})^{\chi}$
. , $A_{\infty}(k)^{\chi}$ $k$ , $\chi$
.
$p^{2}$ even Dirichlet $\chi$ 1 , $k=k_{\chi},$ $\triangle=$
Gal(k\chi /Q) . , $A_{\infty}(k_{\chi})^{\chi}$ $A_{\infty}^{\chi}$ , $\mathbb{Z}_{p}[\chi]$ $\mathcal{O}$ . 1
$\Gamma$
$\gamma$ $1+T$ , $\mathcal{O}[\Gamma \mathrm{I}$
$\Lambda:=\mathcal{O}\mathbb{I}T\mathrm{J}$ , $A_{\infty}^{\chi}$ $\Lambda$ . $A_{\infty}^{\chi}$ $\Lambda$
, $\lambda$ $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\Lambda}A_{\infty}^{\chi},$ $\lambda_{\chi}$ . ,
$\lambda_{\chi}=\deg(\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\Lambda}A_{\infty}^{\chi})$ , $A_{\infty}^{\chi}$ $\mathcal{O}$ .
$A_{\infty}^{\chi}$
$\mathcal{O}$ , $p$ $\chi$ Greenberg
:
Greenberg $(p, \chi)$ . $\mathrm{a}^{\theta}$ $p^{2}$ even $\gamma p$ Dirichlet $\chi$ ,
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\Lambda}A_{\infty}^{\chi}=1$ , $\lambda_{\chi}=0$ .
Mazur-Wiles [13]( ) , $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\Lambda}A_{\infty}^{\chi}=1$ , $p$ $L$
. $\gamma$ $\Gammaarrow 1+p\mathbb{Z}_{p}$
$1+q$ . $\chi$ Kubota-Leopoldt $p$ $L$ $L_{p}(s, \chi)$
. , $g_{\chi}(T)\in \mathcal{O}[T\mathrm{I}$ 1
$g_{\chi}((1+q)^{s}-1)=L_{p}(1-s, \chi)$
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([15, Theorem 7.10] ). , FerrerO-Washington $p$ Weierstrass




( , $\lambda_{\chi}^{*}=\deg P_{\chi}(T)$ , $\lambda_{\chi}\leq\lambda_{\chi}^{*}$ ). , $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\Lambda}A_{\infty}^{\chi}=1$
$P_{\chi}(T)$ $P(T)\in \mathcal{O}[T]$ , $P(T)$ $\{$
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\Lambda}A_{\infty}^{\chi}$ .
$P(T)|P_{\chi}(T)$ $P(T)\in \mathcal{O}[T]$ 1 .
$P(T)$ \dagger $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\Lambda}A_{\infty}^{\chi}$ .
- ([7, 8, 9]) $X_{P,n}(T)$ ,
. $n\geq 0$ ,
$\theta_{n}^{\chi}(T)=\{$
$(1+T)^{p^{n}}-1$ ( $\chi(p)\neq 1$ )
$\frac{(1+T)^{p^{n}}-1}{T}$ ( $\chi(p)--1$ )
. Brumer [1] Leopoldt ,
$\Lambda/(P, \theta_{n}^{\chi})$ . $\Lambda/(P, \theta_{n}^{\chi})$
exponent $m_{P,n}$ . , $X_{P,n}(T)\in \mathcal{O}[T]$ $\ovalbox{\tt\small REJECT}$
:
$X_{P,n}(T)P(T)\equiv m_{P,n}$ $\mathrm{m}\mathrm{o}\mathrm{d} \theta_{n}^{\chi}$ .
$\mathcal{O}$
$\mathbb{Z}_{p}$ $\{\theta_{1}, \cdots, \theta_{s}\}(s=[\mathcal{O} : \mathbb{Z}_{p}])$ 1 ,
$( \sum_{\delta\in\triangle}\chi(\delta)^{-1}\delta)X_{P,n}(T)=\sum_{j=1}^{s}X_{P,n}^{(j)}(T)\theta,$ , $\mathrm{x}8_{n}^{)}(T)\in \mathbb{Z}_{p}[\triangle][T]$
. , $Y_{P,n}^{(j)}(T)\in \mathbb{Z}[\triangle][T]$
$Y_{P,n}^{(j)}\equiv X_{P,n}^{(j)}\mathrm{m}\mathrm{o}\mathrm{d} m_{P,n}$ .
$m\geq 1$ , 1 $m$ \mbox{\boldmath $\zeta$} 1 . $k$ $p$
$f$ . $k_{n}$ $c_{n}$ :
$c_{n}=\{$
$N_{\mathbb{Q}(\zeta_{fp^{n+1}})/k_{n}}(1-\zeta_{fp^{n+1}})^{t-1}$ ( $f\neq 1$ $\geq\doteqdot$ )
$N_{\mathbb{Q}(\zeta_{\mathrm{p}^{n+1}})/k_{n}}( \frac{1-\zeta_{p^{n+1}}}{1-\zeta_{p^{n+1}}^{b}})^{t-1}$ ($f=1$ )
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$t$ $k$
$p$ , $b$ $\mathrm{m}\mathrm{o}\mathrm{d}p^{2}$
.
:
1. $P(T)|P_{\chi}(T)$ $P(T)\in \mathcal{O}[T]$ , 2 :
(i) $P(T)\{\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\Lambda}A_{\infty}^{\chi}$
(ii) $n\geq 0$ , :
$(H_{P,n})$
$P,n(j)(\gamma-l)\not\in(k_{n}^{\cross})^{m_{P,n}}$ $(1 \leq\exists j\leq s)$ .
$\chi$ $p$ , - $[7, 9]$ .
. $(H_{P,n})$ $X_{P,n},$ $\mathrm{Y}_{P,n}^{(j)}(1\leq j\leq s)$ $\mathcal{O}$ $\mathbb{Z}_{p}$
.
, $\chi$ Greenberg , $\lambda_{\chi}=0$ $P_{\chi}(T)$
$P(T)\in \mathcal{O}[T]$ , $n\geq 0$ $(H_{P,n})$
, Greenberg
. , $\mathrm{Y}_{P,n}^{(j)}(T)$ , $c_{n}$ $m_{P,n}$ , $P$
($j$. $\gamma-1$ )
$m_{P,n}$ $k_{n}$ 1 $L$ ,





, $P(T)$ \dagger $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\Lambda}A_{\infty}^{\chi}$ .
. $\omega$ Teichm\"uller .
$g_{\chi}(q)=-(1-\chi\omega^{-1}(p))B_{1,\chi\omega^{-1}}$ ,
(Bl,\chi -l Bernouffi ) . , $\chi\omega^{-1}(p)\in\mu_{p^{\infty}}$ $\lambda_{\chi}^{*}\geq 1$
. , :




, $P(T)\{\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\Lambda}A_{\infty}^{\chi}$ . , $P_{\chi}(T)$ $(*)$
$\lambda_{\chi}\leq\lambda_{\chi}^{*}-1$
.
$\chi\omega^{-1}(p)=1$ , $q$ $P_{\chi}(T)$ ([2, Proposition 2]) 2
, :
$T-q|P_{\chi}(T)$ , $T-q\{\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\Lambda}A_{\infty}^{\chi}$ .
, $\chi$ $p$ , - ([8, Remark 5])
.




k O , $(O_{n}\otimes_{\mathbb{Z}}\mathbb{Z}_{p})^{\cross}$ $p$ $\%_{n}$ .
$k_{n}^{\cross}\mathrm{c}arrow(k_{n}\otimes_{\mathbb{Q}}\mathbb{Q}_{p})^{\cross}$ $k_{n}$ E , $E_{n}\cap\%_{n}$ $\mathscr{E}_{n}$
.
% $:=.\mathrm{k}^{\mathrm{m}\%_{n}}$ , $\mathscr{E}:=.\mu \mathrm{m}\mathscr{E}_{n}$
. , 7 $\mathscr{E}$ $\mathbb{Z}_{p}[\triangle][\Gamma \mathrm{I}$ , $\Lambda$ %\chi $gx$
. Mazur-Wiles ,
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\Lambda}(\%^{\chi}/\mathscr{E}^{\chi})\cdot \mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\Lambda}A_{\infty}^{\chi}=P_{\chi}(T)$
. , $P(T)\in \mathcal{O}[T]$ $P_{\chi}(T)$ , $P(T)$ $\{$
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\Lambda}A_{\infty}^{\chi}$ $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\Lambda}(\%^{\chi}/\mathscr{E}^{\chi})\{(P_{\chi}(T)/P(T))$ .
$gx$ , $k_{n}(n\geq 0)$ ,
$( \prod_{\delta\in\triangle}c_{n}^{\chi(\delta^{-1})\delta})_{n\geq 0}\in \mathscr{E}^{\chi}$ $\mathscr{C}^{\chi}$
, $(H_{P,n})\}$
. $\%^{\chi}/\mathscr{C}^{\chi}$ $\Lambda$ $P_{\chi}(T)$ , $k$ $p$






$k$ , %\chi /C\chi ,
- 1 . 2 ,
$\chi\omega^{-1}(p)\in\mu_{p^{\infty}}$ , $\%_{n}^{\chi}(n\geq 0)$ $\mathbb{Z}_{p}$-torsion
.
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